Key Points:
understanding their implication for earthquake sequences is of special interest.
141
The remainder of the paper is organized as follows. In Section 2, we introduce the hybrid 142 numerical scheme. We then verify the numerical implementation for the method using a bench-143 mark problem from SCEC SEAS repository in Section 3.1. In Section 3.2, we summarize our 144 results for the contribution of different realizations of low-velocity fault zones toward altering 145 the sequence of earthquakes. We discuss the implications of our results and future extensions 146 of this initial study in Section 4. Section 5 is reserved for concluding remarks. 
Governing Equations

149
We consider a domain Ω, with a prescribed traction boundary S T , a displacement bound-150 ary S u and one or more internal surfaces of discontinuities, or faults, along the boundary S f .
151
The equations of motion along with the appropriate boundary conditions are given by: . σ ij is the stress tensor. We assume body forces to be zero and the material behavior to be 161 linear elastic:
163 where ε ij is the infinitesimal strain tensor, and µ, and λ are the Lamé parameters.
164
In this initial study, we restrict our implementation to the 2-D anti-plane shear deforma- 
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177
The slip constraint imposed on the governing equation then reduces to:
179
Our main goal is to provide an efficient and accurate numerical scheme that is capable of solv-
180
ing this set of equations in an unbounded domain. 
Hybrid Method Formulation
182
The hybrid formulation considered here is a combination of the finite element method (FEM) 183 and the spectral boundary integral method (SBI) previously introduced by (Ma et al., 2019) .
184
The nonlinearities, such as fault surface roughness or material nonlinearity, as well as small-
185
scale heterogeneities, are confined apriori in a virtual strip of a certain width. This virtual strip
186
is then discretized and modeled using FEM. The rest of the domain, which is homogeneous and 187 linear-elastic, is modeled using SBI as two half-spaces and coupled to the FEM domain on each 
Finite Element Method
193
The fault discontinuity implementation in the FEM is based on the domain decomposi-
194
tion approach outlined in (Aagaard et al., 2013) . In this approach, the fault surface is consid- 
204
To account for the coupling between the FEM and SBI within the finite element formu-205 lation, we proceed as follows. We impose the tractions τ SBI that accounts for the existence of 206 the half-spaces as Neumann boundary conditions for the FEM strip. The value of τ SBI is pro-
207
vided through the SBI formulation as will be discussed shortly. This ensures continuity of trac-208 tion at the outer interfaces. Since the nodes along the outer interfaces share the same kinematic 209 degrees of freedom between the virtual strip and the adjacent half-space, continuity of displace-210 ments is also automatically satisfied. Altogether, this leads to the following system of equations:
imated with a radiation damping term when resolving shear tractions on the fault surface. Thus,
217
time dependence enters through the constitutive models and the loading conditions only. While 218 not capturing the full dynamic nature of the problem, this assumption is important since sup-
219
pressing inertial terms entirely would result in an unbounded slip rate in finite time (Rice, 1993) .
220
The quasi-dynamic simulations reduce then to a series of static problems with potentially time-
221
varying physical properties and boundary conditions. The temporal accuracy of the solution 222 is limited to resolving these temporal variations. Considering deformations at time t and af-
223
ter suppressing the inertia term, the weak form may be written as:
with the understanding that fault tractions will be modified to account for radiation damping 229 effects as we will describe shortly. Expressions (11) and (12) 
where n is the number of functions associated with the domain displacements, p is the num-
234
ber of functions associated with fault surface, m is used to denote the number of basis func-
235
tions for the test solutions, and s denotes the functions associated with the SBI degree of free-236 doms. Noting that the tractions on the fault are equal in magnitude, the weak form is trans-
237
formed into:
242
Assuming that the fault surface is aligned with the domain coordinate system these expressions 243 are converted to a more compact matrix notation as:
247
This is a saddle point problem, in which it is important to choose the basis functions that would 248 satisfy the Ladyzenskaja-Babuska-Brezzi (LBB) stability condition (Urgen Bathe, 2001 Breitenfeld & Geubelle, 1998) . The relationship between the traction τ 3 and the resulting dis-
264
placements at the boundary of a half-space may be expressed as: 
271
where q is the wave number. The Fourier coefficient F ± 3 (t; q) is given in terms of displacement
272
Fourier coefficient U 3 (t; q) by the convolution integral (P. H. Geubelle & Breitenfeld, 1997):
The convolution kernel of this independent formulation was shown to be
with J1(T ) as the first kind Bessel function of order one. This is identical to the convolution 276 kernel of the combined formulation for the anti-plane problem (Lapusta et al., 2004) .
277
Integration by parts would yield an analogous "velocity" representation in terms ofU 3 (t; q)
278
that distinguishes between the static and dynamic contributions. 
The SBI may then be readily adjusted for the quasi-dynamic framework by only consid-
281
ering the static contribution of the convolution term f 3 (x 1 , t). In this case, the Fourier coef-282 ficient F 3 (t; q) is given by: Here, we adopt a rate and state frictional (RSF) formulation (Dieterich, 1979; Ruina, 1983) .
287
The boundary condition on the fault surface is enforced by equating the fault shear stress to 288 its strength:
where the fault strength F is defined in terms of the normal stress σ n and the friction coeffi-291 cient f . In the RSF, the friction coefficient depends on the slip rate V and state θ as:
where L is the characteristic slip distance, f o is the reference friction coefficient defined at a 294 slip rate V o . The state evolution is prescribed through the aging law (J.R. Rice & A.L.Ruina, 295 1983), which is commonly applied to earthquake cycle simulations (Lapusta et al., 2004; Er-296 ickson & Dunham, 2014; Herrendörfer et al., 2018; Y. Liu & Rice, 2007) and defined as: 
Here, the parameter combination a − b > 0 describes a steady state rate-strengthening fric-302 tional response and a − b < 0 describes a steady state rate-weakening frictional response.
303
In expression (24), the fault frictional strength becomes ill-posed at V = 0. To avoid this,
304
we follow a regularized version of the RSF presented in (Ben-Zion & Rice, 1996) that permits 305 solution near V = 0: 
311
This nucleation size defines the critical wavelength that has to be resolved within the numer-312 ical scheme and is valid for a/b > 0.5.
313
In addition to the nucleation size, Dieterich presented another characteristic length scale Dieterich, 1992) . For anti-plane perturbations L b is given as:
It is vital to properly resolve this length scale as it is more stringent than the nucleation zone's 318 length. In our computational framework we always ensure that h * and L b are both well resolved. 
336
The functional is then recovered in the real space using inverse FFT as: 
4. Find a new prediction for u * * (t) by solving the elasticity equations in expressions (16) and (17) now rearranged as:
348 5. Correct u SBI (t) by using both predictions: 9. Return to step 1 to proceed further in time.
364
To ensure accuracy, we restrict our time step to a fraction of L/V such that the slip increment 365 in a time step is bounded to be smaller than the characteristic length scale in the rate and state 366 friction law. Here, we choose this upper bound following (Lapusta et al., 2004 ) but other op-367 tions will be further investigated in the future. We note that within the RKF45 algorithm, Steps 368 1-7 are evaluated at each increment within the time step .
369
Algorithm 1 outlines the entire proposed procedure in which we time march from a given 370 start at time t to t + t.
371
Algorithm 1: Time Advance Algorithm while t < t f inal do At time t, d(t), θ(t), u b (t) and u(t − t) are known; 1. Using u * (t) estimate τ SBI * s (t) ; 2. Solve the linear equations (36) and (37) for u * * (t);
3. Obtain a correction for τ SBI * * s
Re-solve the linear equations (36) and (37) for u(t) and T f (t);
5. Use T f (t) to solve expression (39) for V (t); 6. Time march to t + t using RKF45 with relative tolerance 10 −7 ; 7. Update the state, and return to Step 1 to proceed further in time.
end to improve the accuracy of the algorithm. However, further correction steps did not show any 374 substantial improvements on the result to merit the computational cost.
375
3 Results
376
To demonstrate the capabilities of the proposed scheme we consider two different prob-377 lems. In the first one, we verify the numerical scheme using the SCEC SEAS Benchmark Prob-378 lem BP-1 (Erickson & Jiang, 2018) . In the second one, we investigate sequence of earthquakes 379 and aseismic slip on a fault embedded in a low-velocity zone (LVZ).
380
SCEC SEAS Benchmark Problem Verification
381
We verify the hybrid scheme quasi-dynamic formulation using the benchmark problem BP- Table 1 .
389
In addition to a prescribed slip rate beneath the fault, a free surface lies at z = 0. The 
395
The virtual strip is discretized using FEM and the exchange of boundary conditions occur at to potential savings in both computational time and memory cost.
420
The coupling procedure between the FEM and SBI method is based on the communica- time.
470
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To get further insights into the impact of the LVFZ on the earthquake sequence, Figure   471 6a shows that with varying the width of the LVFZ, W , the characteristics of the earthquake 472 sequence changes, including the peak slip rate, and inter-event time.
473
For example, Figure 6b suggests that the peak slip rate increases as the LVFZ width in- from zero to the order of the process zone, the effective shear modulus rapidly decreases and 489 the variation in the peak slip rate is more pronounced. As the width increases further to mul-490 tiples of that length scale, the effective shear modulus approaches a constant value and the peak 491 slip rate effectively saturates.
492
Furthermore, Figure 6c shows the non-monotonic dependence of the steady-state inter- the loading of the fault is being applied through a constant plate loading rate imposed on a softer 500 medium when the LVFZ is present. The stressing rate drops as the rigidity of the bulk drops.
501
The effective rigidity of the medium, over long wavelengths relevant to the slow tectonic load- (1) and (2) 513 are almost identical with just a minor variation in the inter-event time and the peak slip rate.
514
However, as the width of the LVFZ W/h * further increases, as in case (3), the results qualita-515 tively change. In particular we observe a kink in the surface slip rate profile that represent a 516 transient acceleration that did not fully develop into a seismic phase which is emphasized in 517 Figure 7b . This feature corresponds to the the emergence of sub-surface events, in which the 518 rupture does not propagate all the way to the free surface. As a result, this event causes an in-519 crease in the shear stress and slip rate at the free surface, which is high compared to the back-520 ground plate loading rate but still much lower than the seismic slip rate. In the following dis-521 cussion we will use the term "surface reaching event" to describe an event in which the rup-522 ture propagates all the way to the free surface, while "sub-surface events" will be used to de-523 scribe those that do not reach the free surface.
524 Figure 8a shows the peak slip rate as a function of time for a number of cases correspond- Figure 7b ), the long-term 531 response converge to a pattern of two surface reaching events, and a subsequent sub-surface event.
532
The sub-surface event is characterized by a front that emerges in the VW region with the same 533 nucleation size as the other events; yet since it never reaches the free surface, the maximum slip 534 rate is not as large as the surface reaching events. It is also observed that following a sub-surface 535 event, the subsequent surface reaching event is delayed. In Appendix A, we show examples of 536 slip evolution in some of the cases discussed here which further suggest that the sub-surface event
537
causes a slip deficit which leads to an increase in slip in the subsequent surface reaching event.
538 Figure 9 summarizes how the peak slip rate and the inter-event time vary as a function 539 of the normalized widths for the different patterns investigated in this study. As discussed pre-
540
viously for the case of mild rigidity contrast, the general trend is that the peak slip rate increases 541 as the width of the low-velocity zone increases as shown in Figure 10a . However, unlike the case 542 of mild rigidity contrast, there is a considerable complexity in the inter-event time pattern. There 543 is a transition from a single period at small widths, to triple periods at intermediate widths,
544
to single periods as the width is further increased, and eventually settling into a double period 545 pattern in the limit of homogeneous medium with a shear modulus equal to that of the LVFZ.
546
As discussed previously, some of the events in the more complex sequences stop before reach-
547
ing the surface and thus events within these periodic clusters are not identical. Furthermore,
548
we observe that the general trend of increasing peak slip rate is not observed in cases with larger
549
LVFZ width W/h * = 0.65−1. Since these events are associated with successive surface reach-550 ing events, this deviation emerge due to the lack of residual stress concentration from a pre-551 ceding sub-surface event. Thus, the peak slip rate values are lower than intermediate LVFZ cases
552
with W/h * = 0.1 − 0.45 where sub-surface events are observed, but still higher than in the 553 homogeneous case.
554
To gain further insights into the characteristics of these alternating surface reaching and 555 sub-surface events, we investigate the spatio-temporal evolution of the fault shear stress. Fig-556 ure 10 shows snapshots of the shear stress τ along the fault surface before, during, and after 
563
The instability results in two propagating fronts, one expanding in the direction of the 564 free surface and the other in the direction of the VS region with the VS region acting as a bar-565 rier to the rupture as shown in Figure 10c -f. Figure 10g shows that in the case of the sub-surface 566 event the expanding rupture slows down as it propagates further in the VW region till it finally 567 arrests before reaching the free surface. However, this premature arrest results in a residual stress 568 concentration in the arrest region that would facilitate the propagation of subsequent surface 569 reaching events as demonstrated by the stress profile 10 years after the sub-surface event in Fig-570 ure 10h. The sub-surface event results in a lower average shear stress below the arrest region 571 between 7−14 km, explaining why following the sub-surface event, a delay in the occurrence 572 of the next surface reaching event is observed.
573
The nucleation process for both the sub-surface and surface reaching events is illustrated oretical estimate from expression (40) and is similar for both events. There exists some minor 577 variation in the detailed distribution of the slip rate within the nucleation profile but the over-578 all pattern is the same. The evolution of the peak slip rate in Figure 11c suggests that the sur-579 face reaching event experiences a slower increase in the peak slip rate and a slightly longer time 580 to instability during the nucleation process. Figure 12a shows the surface slip rate as a function of time, demonstrating that the com-583 plexity observed in Section 3.2.2 still occurs for the larger material contrast. In particular, we 584 still observe for some cases a kink in the surface slip rate profile that represents a transient ac-585 celeration which did not fully develop into a seismic phase (as shown in Figure 12b ) . This fea-586 ture corresponds to the emergence of sub-surface events, in which the rupture does not prop-587 agate all the way to the free surface. Furthermore, for the cases considered, the sequence of events 588 follows a non-monotonic complex pattern.
589 Figure 13 elaborates further on this non-monotonicity. Figure 13a shows reach the statistical steady-state discussed here. Figure 13 (a-d) shows small perturbation in the 599 slip rate that manifest during inter-seismic period, yet fails to produce an instability. These tran-600 sient accelerations in aseismic slip will be a focus of future investigations. and post-seismic relaxation. During the dynamic rupture, the inertia terms were approximated 626 using a radiation damping term (Rice, 1993) . We then verified the proposed approach using Moreover, the earthquake cycle complexity in which sub-surface events emerge is shown that the nucleation size is not entirely the determining factor as such complexity is not obvi- 
697
Within a specific parameter space, it is observed that the sequence of earthquakes may 698 vary drastically, from a sequence of single periodic events to a pattern of repeating event clus-
699
ters. The pattern may be either a sequence of one sub-surface event followed by a surface reach-700 ing event or one sub-surface event followed by two surface reaching events. The pattern of events 701 also follows a non-monotonic trend. For example, at µ D /µ = 0.6 we observe that at low W/h * ,
702
the sequence of events start as single successive events. However, with the increase of W/h * ,
703
the pattern shifts to a triple-event cluster. Finally, at W = ∞, the pattern converge to a clus-704 ter of two events. Overall, we found that the introduction of LVFZ contribute to an increase 705 in the maximum peak slip rate within the earthquake sequence particularly as the rigidity con-706 trast increases. The peak slip rate generally increases with respect to the homogeneous host 707 rock case as the width of the LVFZ increases, with some minor fluctuations depending on the 708 details of the seismic sequence.
709
While the proposed hybrid scheme offers a step toward computationally efficient and ac- to include inertial dynamics. This will be further explored in future investigations.
724
It should be noted that even though we are using a quasi-dynamic approximation, sev- namic framework for the co-seismic phase, which is also observed in the current study.
733
In this work, we have focused on modeling planar faults as an initial step. However, the 734 hybrid scheme can fully accommodate non-planar fault setups, as well as other complex fault 735 zone topologies including fault branches (Ma & Elbanna, 2019 In this paper, we present a hybrid framework that couples finite element method with spec- gence of sub-surface events that fail to penetrate to the free surface.
772
• The sub-surface and surface reaching events share similar nucleation size; however, the 773 sub-surface event results in a residual stress concentration that contributes to a higher 774 peak slip rate.
775
• Event pattern and LVFZ W/h * are non-monotonously related, in which we observe tran- in Figure A1c , where sub-surface events are followed by surface reaching ones.
792
To elaborate further on the deceleration observed in Figure A1b , we show in Figure A2 793 the snapshots of the slip rate during one of the surface reaching events. A sharp decrease in * . The slip rate amplification is larger in this case compared to µ D /µ = 0.8. It is also larger as LVFZ width increase, at least for sequences with both sub-surface and surface reaching events. (b) The interevent time at a steady state capturing the periodicity of occurrences. Multiple points indicate cluster rather than single-event periodicity, whereas each cluster may consist of two or three seismic events. The inter-event time at a steady state capturing the periodicity of occurrences. Multiple points indicate cluster rather than single-event periodicity, whereas each cluster may consist of two or three seismic events.
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